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CERTAIN CONTINUOUS DEFORMATIONS OF SURFACES 
APPLICABLE TO THE QUADRICS* 

BY 

LUTHER PFAHLER EISENHART 

Introduction. 

A rectilinear congruence which possesses the property that the asymptotic 
lines correspond on the focal surfaces is called a JF-congruence. Either focal 
surface of such a congruence admits an infinitesimal deformation such that 
the direction of deformation at a point is parallel to the normal to the other 
surface at the corresponding point. BiANCHif has discovered certain W- 
congruences whose two focal surfaces are applicable to the same quadric Q; 
such a congruence may be looked upon as a transformation Bk of one focal 
surface into the other. We have therefrom infinitesimal deformations of 
surfaces applicable to quadrics. It is the purpose of this paper to show that 
it is possible to establish with the aid of these infinitesimal deformations the 
equations of a continuous deformation of such surfaces and to obtain in 
intrinsic form the equations of a family of surfaces each of which is a continuous 
deform of the others and is applicable to a quadric. A family of this sort 
we call a system {Q).t 

The paper is divided into two parts which deal respectively with the cases 
where Q is a paraboloid or a central quadric. In § 1 are set down certain 
equations and identities given by Bianchi and others derived from them. 
These are applied in § 2 to the expression in analytical form of the infini- 
tesimal deformation of a surface S , applicable to a real hyperbolic paraboloid, 
which is determined by a transformation Bk of S . These results enable us 
to find in § 3 that the intrinsic determination of a surface S reduces to the 
integration of two partial differential equations. 



* Presented to the Society at Cleveland, December 31, 1912. This paper was also pre. 
sented in part at the Fifth International Congress of Mathematicians in Cambridge, England 
August 22-28, 1912, and an abstract is printed in the Proceedings of the Congress. 
, t Lezioni di Geometria Differenziale, vol. Ill, Pisa (1909). Hereafter a reference to this 

volimie will be of the form B, p. . 

t Analogous families of pseudospherical surfaces have been considered by Bianchi, Sopra 
una classe di deformazioni continue delle superficie pseudosferiche, Annali di Mate- 
ma t i c a , ser. 3, vol. 18 (1911), pp. 1-67. 
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In §§ 4, 5 we derive the integrable system of differential equations which 
determine a system ( Q ) of non-ruled surfaces S , and in § 6 the similar question 
is handled for systems ( Q ) of ruled surfaces. 

Since the correspondence between a surface S and a transform established 
by the associated PT-congruence is not also the correspondence of applica- 
bility of these surfaces, it is necessary to develop in § 7 certain transformed 
equations referring to the latter type of correspondence. These are applied 
in § 8 to give an analytical proof of the reciprocal character of a transformation 

In setting up a system ( Q ) we have associated with each surface S of the 
system a surface 8 , which arises from 5 by a transformation Bk ■ We say 
that these surfaces form the system conjugate to the given one. In § 9 we find 
that the conjugate system is itself a system (Q) whose conjugate system is 
the given one. In § 10 the question of generalized transformations Bk from 
a system ( Q ) into others of the same sort is investigated. 

In §§ 11, 12, 13, 14 we give in condensed form similar equations and results 
for surfaces »S applicable to the real hyperboloid of one sheet. In order to 
facilitate comparison of analogous equations and identities, we have given 
them the same numbers in the two parts of the paper. 

In § 15 we show by what change of variables and constants it is possible to 
transform the equations and identities so as to establish the existence of 
systems (Q) of pseudospherical surfaces, as found by BiANCHi.* 

The closing section deals with systems (Q) oi ruled surfaces applicable 
to the hyperboloid of revolution of one sheet and incidentally with a de- 
formation of Bertrand curves into curves of the same kind. 

Paet I. 
Systems (Q) of Subfaces Applicable to a Paraboloid. 
§ 1. Preliminary Formulas. 
If we take the equations of the paraboloid P in the form 

(1) Xo= l/p (u + v), yo= Vqiu — v), Zo=2uv, 

the generators are parametric and the first fundamental coefiicients have the 
values 

(2) E=p+q+^v\ F = p-q+4uv, G=p+q+4:u\ 

For the sake of brevity we define a function H by the first of the equations 

(3) H=i {EG - i^) = p (m - vy +qiu + vy+pq. 
* Loc. cit. 
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The functions E , F , G , and H satisfy the following identities which are 
necessary in the discussion: 



(4) 



dE dF dG 

dv du ' du 


-^ dv' 


^ dv ^ ^ du 


2^ = 0, 

du 


aiogff ^aiogi/ 

dv du 


^dF „ 

■'dv='' 



(5) 



(^^y+^pqE=Aip+q)H, 

du'' '^2\ du ) ~ m ' 
aMogg 1 a log g a log g 2jpqF 

~d^ildi ^2 du dv ~ H^ ' 

dHogH \( d\ogH V ^2'pqG 
+ 2\ dv ) ~ H^ ' 



dv'' 

Moreover, the Christoffel symbols have the following values in this case: 

and consequently the Gauss equations* assume the form 

(7) 

d^x 1 a log g 3 a; 1 a log H dx 

dudv~ 2 dv du'^2 du dv'^ ^' 

where D , D' , D" denote the second fundamental coefficients of a non-ruled 
surface S, applicable to the paraboloid, and X3, Ys, Zs are the direction- 
cosines of the normal to S . 
The Gaussian curvature of S is found to have the value 



(8) 


K-- jj,- 


1 

P" 


p being thus defined. 


Consequently 




(9) 


DD" - D'2 = . 


^pq 
H 



* E., p. 154. A reference of this sort is to the author's Differential Geometry, Ginn and 
Co., Boston, 1909. 
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A transformation Bk of S is given analytically by * 

(10) ^^ = ^+i^^+J^^ 
where 

(11) / = ^, ^ = w' 
and 



U= 2{Vqp' =F Vpq'}'K^w'- 2 i)/pq ^ Vp' q')-Ku 



- I ( ^qp' =*= ^q' P)>.'+H Vqp' =F Vpq' ) , 



2 

(12) F= 2(l/^'± t/^')X2»2- 2(>/^± VYl')\v 

W = 2\[Vfq~ ^Yq{u+ v)\^ Vpq' {u- v)\], 
where p' , q' and k are constants given by 

(13) p'=p-k, q'=q+k, 
and X is a function of u and v satisfying the equations 

^=^F+^^(Z)f7+2>'F), 
du kH 2kVH 

(14) (. = ±1). 

dv kH 2kVH 

When the transformation Bk is determined by the generators of the confocal 
quadric P* corresponding to those of parameter m on P, the upper sign in 
(12) must be used and in (14) e = + 1 • When the other system on P^ is 
used, we take either the upper signs in (12) and e — — 1 in (14), or the lower 
signs in (12) and e = + 1 in (14). f 
We define four functions as follows: 

^ dl , laiogF , , ,, am , \d\ogH 

du 2 dv du 2 du 

(15) 

_dl IdJogH dm IdJogH 

It is important to observe that dl/du, ••• , dm / dv , as used in (15) and 

*B., p. 13. 

t Cf . B., pp. 13, 88, 319. 
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hereafter, indicate the derivates of / and m with respect to m or » appearing 
explicitly in these functions and not as obtained implicitly from X. Thus 
we shall always write 



(16) 
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One shows that 














(17) 




u 


\l — Pom 


= 0, 


Mol- Qom 


= 0, 


and ( 


consequently (15) 


may 


be -1 


ivritten 












io 


Po 


dlogl 


\d\ogH 




(18) 






m 


I ■ 


dv 


^ 2 dv ' 








Mo 


Qo 


dlogm 


, IdlogH 










m 


I 


du 


' 2 5m • 





These results justify the following definition of a function A , 

^ IMo — mho ^ ZQo — mf 
ml' 

Substituting from (15) we find the following expressions for A: 

I dm dl l aiogH l aiogg _ 
m du du 2 du 2 3« ' 

dm mdl IdlogH IdlogH 

(20) =^-Jdv+2-d^^-2-^r'^+^' 

_ l_dm mdl l^d log H m dlogH 
m du I dv 2 du 2 5« * 

As an immediate result we have the identities 

,^^^ dl mdl . ^ „ I dm dm 

(21) T--y^+l = 0, -^ ^-1 = 0. 

du I dv m du dv 

Bianchi* has established the following important identity: 

„„. dl ,dm H k , 

or, in other form, 

(23) V^-^-u'^=^kWA. 

* B., p. 19. 



370 L. p. EISENHAET: continuous deformations or surfaces [July 

In consequence of (22) we may define a function J thus 

( kH Lo , dl\ ( kH Mo , dm 



(24) ^ = 77- 






I L, I ^ ^^ I . _t- 

V VpqW m d\) \ i/pqW m d}. 

If Xi, Y\, Z\; Xi, Yi, Zi denote the direction-cosines of the tangents to 
the curves v = const., u = const, respectively on S, we have 

and similar expressions for Yi , • • • Z2 . 
In consequence of (7) and (4) we have 

(26) 

and the derivatives of X3 are given by* 

aXa FD'-GD ,y, FD - ED' - 

^^^^ dX, FD"-GD' .r- FD'-ED" ,^ 

Moreover, the Codazzi equations for S assume the form 

dD^_dD^^l dlogH 1 dlogH 

dv du 2 dv '^ 2 du ' 

dP" dP' _ IdlogH \ d\ogH 

du dv 2 dv ^ 2 du 

§ 2. Infinitesimal Deformation of S. 

The equations of an infinitesimal deformation of S aref 

(29) x' = x+e^, y'=y+ev, z'=z+ei:, 

where e is an infinitesimal constant and ^ , 17 , f are functions of u and v satis- 
fying the conditions 

du du~ ' dv dv~ ' du dv dv du 



* E., p. 154. 

t E., pp. 373, 374. 
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We know that if S and Si are the focal sheets of any PF-congruence,* an 
infinitesimal deformation of S is given by taking ? , 77 , f proportional to the 
direction-cosines of the normal to Si at the corresponding point, the factor 
of proportionality being determined by the conditions (30). A fundamental 
property of the transformation Bk is that S and its transform Si, given by 
(10), are the focal surfaces of the IF-congruence formed by the joins of cor- 
responding points. Hence the knowledge of a transformation Bk of S leads 
to an infinitesimal deformation of S . We shall investigate this deformation. 
The direction-cosines of the normal to Si are proportional to expressions 
of the form f 

(31) - {Fl+Om)VEXi+ {EI+ Fm)l/GX2+ ^^^,— '^\ 

Vpq 

Accordingly we put 

(32) ?= e^l- {FI+ Gm)\/EXi+ {El+Fm)VGX2+^^S^Xi'\, 

and determine T subject to the above conditions. From (32) we obtain 
with the aid of (26) and (27) 

+ a^'™ + V^5^ + ^d^j+^^,2(^^-^^)J 

+ xJ:~^{e''HU ) - {Fl+Gm)e''D + {El + Fm)e^D'] , 

-(^f+«t)+^,4(™"-«'")] 

(33) +eWGX.[(El + Fm)[-^ + -^-^) + ^l+(Ej^ + F-^) 
+ Xz\^j^{e^HiA)-{Fl + Gm)e''D'+{El + Fm)e''D''\. 



* E., p. 420. 
t B., p. 44. 
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When these and similar values ior drj / du, • ■ • , d^ / dv are substituted in 
(30), we obtain the following equations for the determination of T: 

dT dlogH dlogm eVH A D 

du du du Vvq ^ ""^ ' 

m^ ar aiogg diogi eVU ad" 

^"^ ^ dv^ dv ^ dv t/^ 2 Z "' 

,dT dT , dl dm eVH ,^, „ 

au av du dv Vpq 

By means of (14) the first two of equations (34) are reducible to 

ar dlogH dlogm y^W.dm eW {j.dl dm\^ 

du'^ du ^ du '^ kH d\ ^ 2WH\ d\^ d\ J ' 
(35) _ 

ar aiogg diogi i/pgWdi eW ( di j.„dm\_ 

dv^ dv "^ dv ^ m dX'^2k\/H\ d\^ 3X/ 

and the third of (34) is found to be a consequence of the other two. 

With the aid of the Codazzi equations (28) it can be shown that equations 
(35) satisfy the condition of integrability and consequently we have the theorem : 

When a transformation Bk of a surface S applicabk to the paraboloid P is 
known, an infinitesimal deformation of S is given by a quadrature. 

§ 3. Intrinsic Determination of Surfaces Applicable to the Paraboloid. 

With the aid of the foregoing results we are able to give an intrinsic de- 
termination of surfaces appUcable to the paraboloid. To this end we observe 
that if the values oi D , D' , D" given by (34) be substituted in equations (14) 
we obtain the single equation 



jfdT dlogH aiogm 91ogZ aX\ 
V 5w "^ du "^ du "^ d\ du) 




(36) 

+ m 

In consequence of this equation the last of equations (34) may be given each 
of the forms 

dv'^m dv "^ Z a»''~m ax a» i/^ 2m ' 

(37) _ 

d^_A djogji Idm ldld\_e}/HAiy^^ 

du l'^ du '^ m du^ ld\du Vpq 2Z 
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By means of these expressions for D' and those for D and D" given by (34), 
the Gauss equation (9) may be reduced to 

/ax ay _ ax dj\ fd l og HI WVpq dl\§}: 
\du dv dv du)'^\ dv "^ Hk d\)du 

r UVm { d log Hm \ VVfq f d log HI W 
'^l Hk \ du ) Hk \ dv )i~ 

Again, when the expression (34) for D and the first of (37) for D' are substi- 
tuted in the first of the Codazzi equations (28), the resulting equation is of 

the same general form as (38). If the function -x- ^i ;;- t— be eliminated 

du dv dv du 

from it by means of (38), we obtain 

(dlogH d_ A VmU d A\(dT d log Hm a log / \ 
V dv '^dv^^m'^ Hk d\ ^^m)\du'^ du + aX / 

/ aiogg VpqV d A\(dT dlog HI aiogm \_ 

\ du '^ Hk d\^^m)\dv^ dv ■•■ ax y 

On substituting the first expression for A, as given by (20), this reduces to 

fli ^ l aiogg ^_ vJqW dl\(dT dlogHm dlogl \ 
Va« m 2 dv '^m Hk d\)\du'^ du "^ aX / 

,/iajog^ VMW dm\(dT , a , , aiogm \ 

+ V2^^i ^F^a)rJVa7 + a.^^s^^+"ajr"j = °- 

This in turn is reducible by means of (20) and (22) to (36). 

In like manner it may be shown that the second of the Codazzi equations 
is satisfied when X and T are solutions of (36) and (38). Hence we have the 
following theorem : 

Given two equations (36), (38) in which the functions H , I, m, U , V , W have 
the forms defined m § 1 ; tf X and T constitute any integral of these equations, 
the functions B , D' , B" given by (34) and (37), and the functions E , F , 
given by (2) define intrinsically a surface applicable to the paraboloid. Further- 
more, when a surface S has been found in this way and the coordinates x, y , z 
are known, a second surface of the same kind is given directly by (10). 

Later (§7) we shall see in what way the intrinsic equations of the second 
surface can be found without quadrature. 
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§ 4. Continuotis Deformation of S . 

We are not interested primarily in the infinitesimal deformations of S , 
but rather in showing that with the aid of the equations of such deformations 
it is possible to discover systems of surfaces arising from continuous de- 
formations of S . 

To this end we replace ^ , 77 , f in (32) by dx / dw , dy / dw , dz / dw , where 
M7 is a third variable, and we assume that the functions D, B', D", X involve 
this variable as well as u and v . Now we replace (32) by 

(39) ^=e^ - (Fl+Qm)VEXi+iEl + Fm)VGXi + -^AXA, 

and because of (14) and (25) equations (33) may be replaced by 

't-e^iFX^-VEOX.) + ^^X., 
(40) 

'^=.^(|/£GX.-i^X.) + ^X3, 

where we have put for the sake of brevity 

5 = 4^ ^(e^WA) -e^[D(Fl+ Gm) - D' {El + Fm) ] , 
ypqdu 

(41) 

C = — = T- (e^'IP" A)- e''[ D'iFl + Gm) - D" {El ■{■ Fm)]. 
l/pqdv 

By means of the identities 
we find that 

In order that these equations be consistent, it is necessary and sufficient 
that the following conditions be satisfied for the X's, Y's and Z's: 

f44^ Af^A = Af^\ Af^'j = Af^\ (^ = l,2,3). 

du\dwj dw\duj' dv\dwj dw\ dv J 

Since equations (43) are true for each surface S , it is necessary to consider only 
equations (44). The first of these for z = 1 leads to an equation of the form 
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aXi + hXi + cXz = and to two other equations obtained by replacing the 
X's by Y's and Z's respectively. These equations are equivalent to a = 6 
= c = . By substitution these are found to reduce to the following 



D'B-DC , 

+ e 



JdT l d\ogH \_ 
\du'^2 du J ' 



4:H 

(45) 

In like manner the first of (44) for i = 2 leads to the first of (45) and to 

Furthermore, the second of equations (44) for i = 1,2 give rise to 
BD" - CD' 



m 



'^+«'("+r-^)-. 



(47, -:=..(„,_...,+f_|ii^_-_M^, 

aw dv 

Finally, no new equations are introduced by equations (44) for i = 3, 
In consequence of (9) the first of equations (45) and (47) are equivalent to 



B = e^— 

pq 

(48) 






By means of (35) these may be given the form 



k " L 5X+ i/^VZ~ m)\' 
(49) 

k I dA Ypq 



B = 



^_VHW 

O — 






When these expressions are compared with (41), we find that in order that 
they be consistent it is necessary and sufficient that 

7/2 M 2TJWJ 
(50) EV + 2Flm + Gw? ^ — = f^ . 

Later it will be shown that this is an identity. 
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Again, in order that the two expressions for dD' / dw in (46) and (47) be 
equivalent, it is necessary that 

But when the values of B and C from (41) are substituted in this equation it 
is satisfied identically, by virtue of the Codazzi equations. Hence the only 
conditions introduced by equations (44) are 



(52) 






^-^=e'(OD'-FD") + ^. 
dw dv 

Reviewing the case rapidly, we observe that in addition to (52) the equations 
of condition of the problem are (9), (14), (28) and (34). It must now be 
shown that these equations in X, T , D , D' , D" are consistent. To this end 
we observe that if equations (9) and (28) be differentiated with respect to w 
and in the result the derivatives oi D , D' , D" be replaced by the expressions 
(52), in which B and C are given the values (48), the resulting equations can* 
be shown to be satisfied identically in consequence of (9) and (28) and of 
equations resulting from their differentiation with respect to m or « . 

§ 5. Intrinsic Determination of Systems ( Q ) . 

Before considering the determination of functions D , D' , D" ,\, T satis- 
fying the above mentioned conditions, we call attention to the fact that these 
equations constitute the necessary and sufficient condition that the following 
system be completely integrable : 

^=eA - iFl+Gm)^Xi+{El + Fm) VGX2 + -7=^X3 J, 
dX^_ D dX, l^logg py ,^[PrY.,D' X 
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dx, \ d\ogH rj^ D' az._^ 



(53) dX, FD'-GD rj, FD - ED' ^ 
5X3 FD" - GD' r-^ , FD' - ED" 



AHJ^2, 






dX2 

dw 


e^ ( ^lEGXl 


-FX,) 



3Zj 

3w 



= ^[(FZ. - V^z.) :|- ( V^z. - i^z.)-^] 



Hence from the general theory of triple systems of surfaces in space we know 
that, when these conditions are satisfied, the quadratic form 

ds^ = Edu^ + 2Fdudv + Gdi^ - SHme^'dudw + SHW dudw 

(54) . . _„/_ . _, . . „ . H\^\ 



e'^H(^ 



+ ^e'^'H EF + 2Flm + Gm' -\ )dw', 



(which arises from the first three of (53) and similar expressions in y and 2 ) 
defines space referred to a triple system of surfaces, such that the surfaces 
w = const, are applicable to one another and to the paraboloid (1). 

We return now to the consideration of the system of consistent equations 
(9), (14), (28), (34) and (49). It was shown in § 3 that by means of (35) and 
(37) the functions Z> ,!>', Z>" may be eliminated from (9), (14) and (28) with 
the result that we obtain the two equations (36) and (38). When the ex- 
pressions for D , D' , D" from (35) and (37) are substituted in (49), we obtain 

„ 2e^We''[dm / 2J fd T d log H ^ dlogm A 
B = 



du 21 



ram .2J/dT d\ogH d 
ld\'^ A\du^ du "^ 

)]■ 



15 log ImdX' 
"*" 2 ax 5m. 






2m 

151ogZm5X 
"*" 2 ax dv 



)\ 



With the aid of these expressions and the former ones equations (52) are 
transformable into four equations of the form 
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Q,^ ^ ^ d^ e^x 



(56) 



d^T _ d^T 5^^ a^ a^x 

: — ^21 a,, a,. "T ■t>2l a,, a,. + ^22 a,.2 T -022 a,.2 "T -C'2 , 



a^x d^T d^\ d^T d^\ 

dvdw - ^''dudv'^ ^''dudv+ ^'' dv' + ^'' dv' + ^" 

where An, • • • , Fi, F2 are determinate functions ot u, v ,\, T and the first 
derivatives of X and T with respect to u,v and w . It is unnecessary to write 
down the explicit expressions for these functions, but it is important to remark 
that since the system of equations (9), (14), (28), (34) and (49) is consistent 
so also is the system (36), (38) and (56). Furthermore, when a set of values 
of the latter system is known, one obtains the functions D , D' , D" directly 
from (35) and (37). 

The systems of equations is such that the formal integration reduces to the 
determination of power series in w , thus 

X = <PQ + <Pl W + <P2 W^ + • • • 

(57) 

where the ^'s and xf/'s are functions of u and v. Evidently for'^o and 4'o we 
take a set of solutions of (36) and (38). To find <pi and 4/1 we substitute 
the expressions (57) in (56), and put w = 0; this gives four equations of the 
form 

where the functions A and B involve ^1, \}/i, <po, xpo and the derivatives of 
<Po and ^0 . When one has a set of functions ^1 , ^1 , satisfying these equations, 
the determination of <p2 and \('2 is a similar problem. In this case we differ- 
entiate equations (56) with respect to w , substitute (57) and put w = . 
Proceeding step by step we reduce the problem of finding the coeflBcients in 
(57) to the integration of systems of equations of the type (58). It is not 
our purpose to go further into the consideration of the character and domain 
of the solutions, but we have given suflScient indication to enable us to state 
that equations (36), (38), (56) possess common solutions. Hence we have the 
theorem: 

There exist triple systems of surfaces such that the surfaces in one family are 
continuxms deforms of one another and of the hyperbolic paraboloid. 
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We have thus established the existence of systems (Q) . 

Thus far we have considered only surfaces applicable to the hyperbolic 
paraboloid. Bianchi has derived the equations for transformations of surfaces 
applicable to the elliptic paraboloid* and also to the imaginary paraboloid^ 

(59) - + ^=2iz. 

p q 

The changes to be made in the formulas in these two cases are such that one 
sees readily that by a repetition of the processes of the foregoing sections one 
can easily establish the existence of systems (Q) of surfaces applicable to 
these two types of paraboloids also. As a matter of fact we have shown else- 
wherej that there exist systems ( Q ) of surfaces applicable to the paraboloid 
(59), the process of proof being less direct than the foregoing. 

§ 6. Systems (Q) of Ruled Surfaces. 

Thus far we have excluded the case where S is ruled. We consider it now, 
and observe that (9) may be replaced by 

(60) Z) = 0, D' 2-^, D" = 2^[H<p, 

where <p is independent of u , the assumption being that the lines v = const, 
are straight. From geometrical considerations it is evident that if the trans- 
form Si given by (10) is to be ruled also, the upper signs in (12) must be used 
and e = + 1 in (14). The latter equations reduce in this case to 

_. d\ . d\ V<p{v) 

consequently X is a function of v alone. Instead of (35) we have the consistent 
set 

dT dlogH dlogm 

du du du ' 

(62) 

and the functions B and C which appear in (40) have the form 



* B., p. 113. 

t B,, p. 150. 

t Sopra le deformazwni cordinue deUe superfieie reali applicabUi svl paraboloide a parametro 
puramente immaginario, Rendiconti della R. Accademia dei Lincei, vol. 
XXI (1912), pp. 458-462. 



Trans. Am. Math. Soc. S6 
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^ *= — 77=" ( a!! +o — £r~)' 



2H'VYdlogm 1 dlogH ' 
V'pq \ du 2 du 



(63) _ 
2WV fd\ogl IdlogH _ 2V'pqm<p \ 

Vpq \ dv '^2 dv k / • 

When these expressions and the values from (60) are substituted in (52), 
the first two of the latter become 

dD „ dD' ^ 

(64) ^-=0, -T 0, 

dw dw 

and the third one is reducible to 



(65) 



*l^+^%^'^+.«4#(^+f)-|;S' 



+ 



^Ipq ™ I 

24fq dV 
kW dv 



]-. 



in consequence of (5) and of the following identities which are readily es- 
tablished: 

5^1ogm /dlogmV dHogl 



/ aiogm V dnogl f dlogl V 

~\du)' dv^ ~\ dv ) ' 



(66) 

3^ log m _ 5^ log I _d log m d log I 

dudv dudv du dv 

Since cp is at most a function of v and w , the coeflBcients in equation (65) 
must be independent of u . The first is constant and the second is evidently 
independent of «, in consequence of (61) and (62). As regards the coeflScient 
of <p we observe that it may be written 

V-lpqfF G\ H UA 2^YqldVl 
^^'^\_H\m^l) 4fqrn} l^ k V dv \' 

and consequently we must show that 

-JyqfF G\ H_LoA 
H \m I J -^pqin^ I 

is independent of m . In view of (19) and (50) this may be written 

_|2r£i+f+«+5.4.M.]. 

Jim \_ m k pq m m j 

If we differentiate this expression with respect to u and make use of (4) and 
(5), the result is reducible to 
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and by direct substitution it is found that this expression vanishes identically. 
Consider now equations (62). The first may be replaced by 

(67) T=lo^^, 

where / is independent of u . Substituting this value in the second, we obtain 

df V 

where V denotes the derivative of V with respect to v entering explicitly and 
not implicitly by means of X . Moreover, equation (65) may be written 

d <D 2 d <i> 

(69) d^ + P^ + f'^'^ = '' 

where o- is a determinate function of u, v and X . 

Equations (61), (68), (69) form a system to which the standard existence 
theorems apply. Hence recalling the general discussion of § 4, we have the 
result : 

There exist systems (Q) for which all of the surfaces w = const, are ruled, and 
the determination' of the intrinsic equations of such systems requires the integration 
of a system of partial differential equations of the first order. 

§ 7. Change of Parameters. Fundamental Identities. 

We will now establish the fundamental identity (50), and to this end 
consider the transformation Bk defined by equations of the type 

(70) x = a. + z|f+m|^. 



From this we have by differentiation 
dx _ dx ^ dx 



dx dx dx fdldx dmdx\d\ 

(71) 

ox 



dv 



dx dx (dldx dmdx\d\ , r>n , „// n v 



where Lq, Mo, Po, Qo are defined by (15). 
By means of (71) we can find the first fundamental coefficients of S , but 
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as Bianchi* has remarked, these functions have not the same form as (2). 
He provedjt however, that it is possible to transform the parameters on S 
into a new system u, v so that the new coefficients E , F , as functions of 
u and V have the form (2). In fact, this change of parameters is made in ac- 
cordance with the afBne transformation of Ivory, whose analytic form is 

Vgp' ( M + D ) + Vp?' {u — v) — ^Ipq ( 4uv -{■ k)\ 

u = p= -p= p= ' 

2[-\pq' (u- v)'K-^lqp' iu+v)'K + ^pq] 
(72) 

1 

^ = 2X- 

By differentiation we have 

(73) 

and 

dv _ 1 d\ dv _ 1 5X 

^^ d^^~2k^du' dv^~2K^dv' 

By means of (14) we obtain 

(75) 5 = §^ = ^(i)/^-Z>'W). 

d{u,v) Hk 

From these results and the expressiont 



du 2k\^ 

we get from (71) 



(76) ^=-.^H, 



dx _ J_^[Lodx,Mo^d^_ eVffg "I 
du ~ 4X^ Vpg \_m du m dv -iJH ^J ' 

:g_ ,r/J 1 kH Lo\dx (J_l kH Mo\dx , V^yl 
V l\m 2wylpq™y^^ \^ 2w>^w^)d^W']- 



\lpq 
(77) ^ 

dx g.,rp 1 kH Lo\dx /J 1 kH Mo\dx . , 4h 

dv L\™ 2j^-^pqmjdu \l 2]Y'slpq m 

If for the sake of brevity we put 

Ki = UE+2LoMoF+MlO + ^^, 

(78) 

^ LqE+M qF , FLo+GMo 

^' m + I ' 



* B., pp. 25, 76-79. 

tB.,p.32. 

t B., p. 35. 
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we have from (77) and (24) 
(79) 

[72 1.17 7 1 p m 1 

With the aid of these values we find 

(80) AH= EG- F^ = -Tjw—2\EP + 2Flm + Grn'-i )j\ 

HP 7rr\ VI J 

Bianchi has established* the identity 
which in consequence of (23) may be written 

/j2 172 775 

(82) EP + 2FZm + (?m2 H = . 

Comparing this with (80) we see that we must have 

_ , 2lm 4pq 

where e' = =*= 1 ^ to be determined. From this result and (82) it follows that, 
if (50) is an identity, so also is 

(83) H.i/^ 

and conversely. Making use of (13) and the form of H analogous to (3), we 
find that the preceding equation is identically satisfied when e' is — 1 . Hence 
we have 

(84) j^_2lm^q 



W 



and the identity (50) is established. The latter may now be written, in con- 
sequence of (84), 

772 42 ATTlm 

(85) EP+2Flm+Gm' + ^-^=-^. 

To these may be added the following useful identities which arise from (24) 
and (84) 

* B., p. 46. 
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(86) I'^^fWi.+ a), ^.-^(y?M.+ 2„).. 

5X W \pq m ) dX W \pq m } 

The foregoing results_enable us to find the expressions for the second funda- 
mental coefficients of S in simple form. From (31) and (32) it follows that 
the direction-cosine's of the normal to iS are of the form 

(87) Xi = Re-''i,, where Br^ = El^-^inm-^Gm^-^^^^^^ . 
From these we have by means of (40) 

^=R[ -^(FXi - <E6X^ ) + Be-'Xz ] + Is |^ log Re-\ 

(88) ! 

^= R[>lG{ ^lEGXi -FX2) + Ce-^Xz ] + I3 |-log Re'''. 

In consequence of (14) and (86) equations (71) may be given the form 

(89) 

From these expressions we find 

(90) 5=-S^'||=^i), D' = aD', D" = aD", 
where 

ODTT 

(91) a=-^(DP- D"m'). 

Hence the asymptotic lines on S and S correspond and we have the following 
result, established by Bianchi in another manner rf 

The surfaces S and S , the latter resulting from a transformation Bk of the 
former, are the focal surfaces of a W-congruence formed by the lines joining cor- 
responding points. 

* If the other system of generatoirs of the quadric Qk are used, so that we take the lower 
signs in the expressions for U and V , it merely comes to changing the sign of every radical 
under which g' appears. So far as the present result goes, it is the same in both cases, as one 
sees readily by reviewing the above work. 

t B., p. 89. 
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We have not written down the first fundamental coefficients E, F , G re- 
ferring to the parameters u and v on S , but one gets them at once from (71). 
Hence, when one has a surface S defined intrinsically as explained in § 3, a 
transform ;S is given intrinsically at once. 

§ 8. The Inverse of a Transformation Bk . 
Since S and S are the focal sheets of a congruence, we have 

,^^s , -dx , - d X 

(92) x=5+Zr^4-m-rr. 

du av 

Substituting this expression in (70) and making use of (77), we obtain an 
equation of the form 

(93) a^+b^ + cX. = 0, 

where a,b ,c are determinate expressions which must vanish identically because 
y and z also satisfy (93). These identities are 

^ I W Mo^-^J kH ilfo^iV^N ^ 
m + -7r-n — p= — +mX^ I ,—„^ ^j7 — j = 0, 



4X2+ w ^' 



IW . mkm? 
which are equivalent to 

(94) Z=-=— m= p:r- 

From these follows 

(95) ^=-^, 

which is analogous to (83) where e' = — 1 . 

We wish to show that in fact jS is a transform Bkoi 8. To this end we put 
for brevity 

A' = Vgp' + -slpq', B' = 4qp' — -^pq', 

with the result that (72) becomes 

A'u + B'v — -^vqX ( 4:uv + k ) 

u = F= . 

(.^-pq-B'vX- A'vKf 
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If we put V = 1 / 2X and solve the foregoing equation with respect to m , we 
obtain 

A'u + B'v — VpgX (4w + k) 



u = 



( ylpq - B'u\ - Av\y 



which shows the reciprocal character of the transformation (72). 
If we take 

J U _ F 

W' W 

where_U , V , W are the functions obtained on replacing m, d, X in (12) by 
u, v,\,hy means of the foregoing results these expressions are reducible to 
the form (94). Hence we have established in an analytical manner the fol- 
lowing theorem which Bianchi* discovered by geometrical considerations: 

If S is obtained from 8 by a transformation Bk , 8 may be obtained from 8 by 
another transformation Bh , the inverse of the former. 

§ 9. The Conjugate System (Q) . 

Suppose that we have a system ( Q ) and that upon each surface (S of the 
system we effect a transformation B^ , given by 

,„„. , , dx , dx 

(96) xi = X + h-^+ mi-^ , 

where h and mi are given by replacing X and k in (11) and (12) by Xi and ^i . 
If (96) be differentiated with respect to w , the result is reducible by (39) 
and (40) to 

(97) +X,^[-e^[Eih-l) + Fimi-m)] + ^^^^-^] 

+ Xs I e^^^^ + Zi B + mi C I . 

It should be observed that in the functions B and C there appear I and m, 
but not h and mi . 

From the given system (Q) we obtain by means of (96) a triple system of 
surfaces expressed in terms of parameters u, v, w, such that the surfaces 
w = const, are applicable to the paraboloid. If we wish this system to be 
given in terms of the parameters ui,vi,w, where % and vi are obtained from 

* B., p. 36. 
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(72) by replacing X and khy'Ki and ki , the direction of the curves for which both 
ui and Vi are constant is given by 



dxi 


dxi dui 5Xi 


3a;i 5«i 3Xi 


dxi 


dw 


dui 5Xi dw 


dvi d\i dw 


~ dw ' 



From (97), (77) and (76) we find 

^ = Xi^Ee''lFih-l) + G(mi-m)] 
(98) -X2^!Ge'[E{h-l)+Firm-m)] 






€i being ± 1 and not necessarily equal to e (it arises from (77)). 

Before considering a general system of surfaces 8i thus defined, we will 
look at the surfaces S which are used in constructing the system (Q) . For 
this particular case we have 

h = I, mi = m, Xi = X , ki = k, ei = e, ui = u, Vi = v , 

and so (98) reduces to 

Hence a tangent to a curve of parameter w is parallel to the normal to S at the 
corresponding point. 

The parameters u and v were chosen so that the surfaces 8 are seen to be 
applicable to one another and to the paraboloid. The relation between a 
pair of surfaces S and S is reciprocal, as shown in § 8. The curves along which 
the surfaces 8 are deformed into one another are such that a tangent to such 
a curve is parallel to the corresponding normal to 8 . Hence if we say that 
the surfaces S form a system conjugate to the given system ( Q ) , we have 
the result 

The system conjugate to a given system (Q) is itself a system (Q) . 

In order to give further consequences of the foregoing results, we observe 
that in consequence of (81) we may replace (39) by 

dx - AW fj 

(100) ^ = e^iri Z3 , Br^ = ^^^-^ 

If in like manner we put in accordance with (99) 
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we have from (77) and with the aid of (94) 

au aw ov aw 

provided that 

which evidently is the analogue use of (100), and from the preceding results 
we know that it is true. 



§ 10. Transformations of Systems (Q) . 

We return to the consideration of equations (96) and (98). The former 
when applied to a system (Q) leads to a triple system of surfaces such that 
each of the surfaces w = const, is applicable to the paraboloid, by a suitable 
change of parameters involving Xj. It is natural to inquire whether it is 
possible to determine Xi involving w in such a way that the transformed surfaces 
shall form a system (Q) . 

If such a transformation is possible, the function Xi must satisfy the equa- 
tions 

where x is a function to be determined. 

Referring to (54) we observe that in consequence of (85) the condition 

du dw dv dw \dwj 

must be satisfied by a system (Q) . From the results obtained in certain 
special cases it is probable that this condition is suflBcient. Applying it to 
the surfaces Si we obtain a quadratic equation in it, namely 

(104) {ki-k)ir^ + PT+Q = 0, 

where P and Q are determinate functions of m , « , X , Xi , k and ki . 
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The conditions of integrability of equations (102) lead to four equations of 
the form 

ox OTT 

^+ ?37r+ 7/3 = 0, ^+ ^47r+174 = 0, 

where the functions fj, t;,- are determinate. Hence if a function tt exists 
which satisfies (104) and (105), it may be found by differentiation. 

We have shown elsewhere* by other methods that these transformed sys- 
tems ( Q ) exist for the case where the surfaces S are applicable to the imaginary 
paraboloid. Since there is no essential difference in the formulas of trans- 
formations Bk when the fundamental quadric is a hyperbolic or an imaginary 
paraboloid, we have good reason to believe that a function x exists satisfying 
(104) and (105), and that the function Xi given by (102) leads to a transformed 
system ( Q ) . Incidentally we remark that, in the case where the surfaces S 
are applicable to the imaginary paraboloid, for the curves of deformation of 
the surfaces Si the tangents are parallel to the normals to surfaces Si appli- 
cable to the same paraboloid, and each surface Si forms with the correspond- 
ing surfaces S , S , Si a quartern in accordance with the " theorem of per- 
mutability " which Bianchif has established for transformations Bk . 

Part II. 

Systems (Q) of Surfaces Applicable to a Central Qtjadric. 

§ 11. Preliminary Formulas. 

In the following sections we consider systems ( Q ) of surfaces S applicable 
to the hyperboloid 

_ ^ 1 + M» , M — » 1 — uv 

(1) Xo=a j , 2/0=0 — r— , 2o = c — j — , 

the parameters referring to the generators. From these we obtain 
E= [ (a2 + c2) «4 + 2 (c^ - 0^+ 262) 1,2 + a2+c2](M + «)-«, 

(2) F = [{a'+c^)uH'^-]- (c^-a^) (u^ + i^) - 4¥uv+ a^ + c^]iu + v)-\ 
G= [(a2 + c2)w«+2(c2-a2+262)w2+o2+c2](w+«)-4, 



and 

(3) H = liEG-F^) = 



_ 1 /rr^ rT,N _ a^Jy' (1 - u'vy+ b^ e^ (1 + uvy + a-'c^ (u- vy 



(u + vy 



* Sopra U deformazioni, etc., 1. c, p. 461. 
t B., p. 156-179. 
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It is not our purpose to repeat the details for systems (Q) now under dis- 
cussion, but merely to give the fundamental equations and identities and state 
the results. In general there are equations and expressions analogous to all 
of those in Part I, and in giving certain of them we will use the same numbers 
as in the former part, so that the reader may compare them and fill in the gaps. 

We find readily that 

and 

(9) DB" - D'' = - j^f^,. 

A transformation Bk of S is given analytically by 

(10) x^ = x+l-^+m-^, 

with* 

U V 

(11) l=iu + v)^, m= (u + v):^, 

the various functions being defined by 

IF = 2 ±-^^(m — »)cose ^^^{l + m)sme + ^ry{l - m) , 
where the constants are in the relations 



(13) o'= V^Tl, b'= ylb^+k, c' = ■^e'-k, 

and is a function of u and v such thatf 

de a'b'c' a'b'c' 

du k{u+vyp ^k'^abc-Sp 

(14) 

dv k{u+vyp ^k^abcyp 



* B., p. 49. 
t B., p. 103. 
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Here the signs in (12) and e in (14) have a significance analogous to that in 
Part I. 
For the sake of brevity we write 

r dl 2, ,13 log p ,. -. dm 1 3 log p 

du u + v 2 dv du 2 du 
(15) 

dl.ldlogp _dm 2 ^ , l^logp 

it being understood that the following notation is used: 

(^^) du~ du'^du' dd' dv ~ dv'^ dv ' de ' 

We make use also of the function A defined by 

IMo — mLo IQo — mPo 
(19) A = = J , 

and we may show that 

a'b'c' V ( dl ,am\ 
(22) ^^^kiu + vf-^pV'dB-^-de)- 

We are thus enabled to define a function J by 

m.N 7 /a/ , kp{u+vf U\ Jdm , kp{u + vy Mo\ 

(24) J = m\YQ+ ^,j,,, FJ=^Wo+ a'6'c' "TJ- 

For the present case we have equations of the same form as (25), (27) § 1 
and if in (26) § 1 we replace ff by p we obtain equations valid for surfaces 
applicable to the hyperboloid. 

§ 12. Infinitesimal Deformations of S . Irdrinsic Determination of Surfaces 
Applicable to the Hyperboloids. 

The equations 

(29) x' = x+ e^. y' = y + eti, z' = 2 + ef 

define an infinitesimal deformation of 8, where e denotes an infinitesimal 
constant, and i, n, ^ are functions of the form* 

(32) i= e-'l - {FI+ Gm)VEX,+ {El^- Fm) VGX2 + fl^^^ ^Z, 1 , 

provided that T satisfies the equations 
* In tHs formula e = ± 1 . 
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dT 2 d\ogp d e-^ahcpJA D 

m^ ar 2 diogp d eV^pU d" 

/ar i_^\_ (^ 4 \ dl _dm_ e M^piA 

\du u+vj \dv—M+vJ du dv {u + vyH ~ 

By means of (14) the first two of these equations are reducible to 
dT 2 a , 

, a'b'c'W fdm , eiu+vy^~p 



(35) 

dT 2 8 



dv u-\- V dv 



KP{U + 

log pi 



V fdm e{u+vyylp { dl dmV] 

»)'Lae+ 2Va6c v'de-^^ dd)}-^' 



Kpiu + vYldd 24ahc \ 39 86 J j 

and the third is a consequence of these. 

As the conditions of integrability of (35) are satisfied, we have the theorem: 

When a transformation Bk of a surface S applicable to a hyperhohid is known, 
an infinitesimal deformation of S is given by a quadrature. 

As in the case of surfaces applicable to the paraboloids, we can give an 
intrinsic definition of surfaces applicable to a hyperboloid as follows : 

Consider the two differential equations 



'dT , d log p d log m 
u du 

'dT , dlogp , dlogl 2 \ , dl dd , dmdd 



\ du du du M + 



.) 



'^'^^dv'^ dv '^ dv u + v/'^dd du'^ dd dv ^' 

(^R^ jfdT diogp diogm _ 2 \( k{u + vy de \ 

^"^^^ \8u'^ 8u "^ du u+v)\a'b'c'Udv V 

_ /^r , aiogp , aiog? 2 \f k(u + vy de \ 

^\8v'^ dv + dv u+v)\ a'b'c'V du ^) 

,(dmdd_dl dd\^ 
'^\d6 dv 86 du)~ ' 

in which p,l, m, U , V , W are given by (8), (11), (12), If T and 6 are any 
solution of these equations, the functions D and D" , given by (34), and D' , 
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given by either of the equivalent expressions 

dT A dlogp 2 dlog m I dlde e^abcp^A 

du Z "•" du u+v'^ du '^Idddu 2{u + i}fm ' 

(37) ,„ 

dT A d\ogp _ 2 d\ogl IdrndO eSabcpJA _ 

dv m dv u-\-'D dv m 86 dv 2{u-\-vyHm ' 

are the second fundamental coefficients of a surface applicable to the hyper- 
boloid (1), the first fundamental coefficients being given by (2). Furthermore, 
when one has a surface S defined in this manner, one can obtain without quad- 
ratures the intrinsic equations of a second surface of the same kind, which is a 
transform under a Bk oi S . 

§ 13. Continuous Deformation of S . Intrinsic Determination of Systems (Q) 
of Surfaces Applicable to a Hyperboloid. Systems (Q) of Ruled Surfaces. 

In view of the results of the preceding section we inquire under what condi- 
tions the equations 

(39) _ 

^£=e'[- {Fl+Gm)<EX^+ {El+Fm)^X, + ^-^^^ ^s] 

and similar ones in y and z define space referred to a triple system of surfaces, 
such that the surfaces w = const, are applicable to one another and to the 
hyperboloid (1). 

The discussion of this problem may be carried on as in § 4, with equations 
similar to (40), (42), (43) and (44), with the difference that now 

B = 2e^l^c-^( ,^.^ AeA + [-iFl+Gm)D+iEl+Fm)D']e'^, 
(41) 

C= 2€^l^c-^l ,^.^ Aen + [-(Fl+6m)D'+iEl + Fm)D"]e''. 

Proceeding as in § 4, we find that the expressions (41) must be equivalent to 
a'b'c' rrr r rV^ r-r-dm , r- , , ,^^(D' DV] 

(49) 

which necessitates that the condition 

(50) EJ? + 2Flm + Gm^ + p" A^ = ^f. ^' f ^f J 

be satisfied; that this is an identity is shown in § 14, 
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Also the following equations must be consistent with one another and 
must be satisfied: 



(52) 



dw du u -\- v' 

dw dv u + V 

As in § 4 it can be shown readily that all the equations of condition of the 
problem, viz., (9), (14), (34), (52) and the Codazzi equations for S , are con- 
sistent with one another. Furthermore, when there exists a set of functions 
D , D' , D" , B , T satisfying these equations, equations similar to (53) § 5 
are satisfied and hence there exists a triple system of surfaces of the kind 
sought, with respect to which the linear element of space has the form 

ds^ = Edv? + 2Fdudv + Gdv^ + 8He'^ (Idv - mdu) dtv 
(54) 

+ 4JIe'''(EP+2Flm+Gm^ + P^A^)dvP. 

As regards the existence and determination of systems ( Q ) of this sort 
the analytical procedure is similar to that followed in § 5, and the result is 
the same, namely 

There exist triple systems of surfaces stuih that the surfaces in one family are 
applicable to one another and to the hyperboloid. 

With the aid of the results of Bianchi* one can readily extend the foregoing 
investigation and estabHsh the existence of systems ( Q ) of surfaces applicable 
to any central quadric. 

Thus far we have tacitly assumed that the surfaces S are not ruled, but by 
considerations similar to those of § 6 it may be shown that 

There exist systems (Q) for which all of the surfaces w = const, are ruled, and 
the determination of the intrinsic equations of such systems requires the integration 
of a system of partial differential eqvxdions of the first order. 

In fact, for the case of the hyperboloid (1), we have 

(60) D = 0, D'=-2 — , D" = 2(u+vy^H<p, 

P 



' B., chapter 3. 
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where (p is independent of u . Now equations (14) reduce to 

the first of equations (35) may be replaced by 

(67) ^ = >°^^V. 

where / is independent of u and the second of (35) requires that / satisfy 

(68) d-fy 

The first two of equations (52) are satisfied identically, and the last requires 
that <p in (60) be a solution of 

d <p 2abc d 

(69) _ _ a^+T-^i+'^/^ = 0' 

where <r is given by 

.RQ'^ (^ I <^\ (^ + «)'' io ,. , ,,,2abcf 2 V'\ 

(690 <^ = [^+l)—p Z^2P^(« + ^)^ + -^(^^;+-,+ 7J- 

It can readily be shown that each set of solutions of equations (61), (68) and 
(69) gives a system ( Q ) of the kind sought. 

§ 14. Conjugate Systems. Transformation of Systems (Q) . 

If the equation 
.»«s , ,dx , dx 

(70)^ _ / = ^+^a^+™azr 

be differentiated, we obtain 

dx ^ d X , ^^ d X / d I d X d m d x\d 6 , . ^, , ^, .„ 

(71) 

dx dx dx (dldx dmdx\de 

The affine transformation of Ivory which establishes the correspondence of 
applicability of S and S is given analytically by* 

h 



h' 
u = J- 

(72) h' 



— (l — uv) -,(l+w») (l+sinS)+ "T7 iu—v)+r,{u+v) cos 9 



^ (1-M«,)+ ^, (l+Mt>)]cos e+ ^, [(m-«>)- ^ (w+t>)](l+sin e) ' 



1 - sin e 

V — ^ — 

cos 6 



' B., p. 60. 

Trans. Am. Math. Soc. 86 
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From (71) and (72) we have accordingly 

dx {u + v )a'h'c'^^ VLodx Mpdx 2eVa6c "] 

'\-\- smd)\_m du m dv (yj_^)2-J^ 'J' 



du 2Wabc (1 -\- sin d)\_m du m dv (y^^)2^" 
(77) 



dx ft , ■ a\[f'^ Lokp{ u+vy\dx 



,(J_ Mokp{u+ ''>y \dx e {u + v)k4ahc'4p 1 
'^\l 2a'b'c'V Jdv'^ Wa' V c' 'J' 



where ^ denotes the denominator of u in (72). 
Proceeding as in § 7 we find that 

2abc{u + v )lm 
^^^^ '' ~~ a'b'c'W ' 

and we establish the identity (50) in the form 

(85) EP + 2Flm + Gm? + p^ A' = - ^"'^'^'^'^ 



k{u-\- vy 
Furthermore it can be shown that (70) may be written in the form 

(92) ,= , + 7||+^||, 

where 

.^,, y {l^-sine)hpW{u + v) _ a'b'c'W 

(94) / = o„/ 1.> „/ .»,2 ' m= - , 



2a'b'c'^p^ ' 2a6c(H-sin0)(ti+»)- 

From these expressions we have 

,_., Aabclrh 

(95) p = — 



k{u-\- vY 

which is analogous to the expression 

- Aabclm 

^^^^ P-'kiu + vY' 

arising in the proof of (85). 

One shows readily that (72) is reciprocal in form, and by means of the ex- 
pressions derived therefrom for u and v in terms of u and v it can be proved 
that 

If S is_a transform of S by a transformation Bk , S may be obtained from S by 
another Bk, which is the inverse of the former. 

When a system ( Q ) is transformed by a 5jb , whose equations are 

(96) ^, = ^ + Zi|^+mx|^, 
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where h and mi denote the result of replacing 6 and kinl and m by di and ki , 
we obtain a system of surfaces Si applicable to the same hyperboloid. If each 
surface Si undergoes a transformation of parameters to a new set ui and Vi , 
analogous to u and v , defined by (72), we have space referred to a triple system 
of surfaces of parameters Ui, vi, w . 

As shown in § 9, the direction of the tangent to the curves of parameter w 
are given by 

~^ = XiylEe'lF{h-l) + Gimi-m)] 

(98) -X2^e''lE{h-l) + Fimi-m)] 

+ ^3[e (^ + ,). +liB + miC -^^^b[W'i "^^J 

When we take (92) in place of (96), this reduces to 

(99) ^=2zJr/g^,(i)Z^-J)-m^)-^^(" + ^)^^^^1^1. 
^ ^ dw ^lJc(u+vy^ ' a'b'c'W dw] 

Hence the tangents to the curves of parameter w are parallel to the correspond- 
ing normals to the surfaces S , and consequently, if we say that the surfaces 
S form a system conjugate to the given system, we have the theorem: 

The system conjugate to a given system (Q) is a system (Q) . 

As regards the existence of a generalized transformation of a system (Q) 
into a system (Q) the situation is similar to that set forth in § 10. However, 
in the next section we give an example of particular systems (Q) for which 
such transformations have been established. 

§ 15. Isogonal DeformMtions of Pseudospherical Surfaces. 

If in (1) we put* 

(109) a= b = i, c = 1 

we have that Q is the imaginary sphere a;^ + t/^ + 2^ + 1 = , and conse- 
quently jS is a pseudospherical surface. In this case we have 

(110) E-^6=0, F= , , .2 , H=,~ ,4, p=L 

^ ' (m + ») (m + ®) 

* Cf. B., |§ 49, 50. 
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Taking 

(111) k = cosher, 

we find 

a' = b' = i sinff , c' = sin o- , 

7 1 - sin 0- ^ X 1 + sin 0- /x 

(112) 1 = 2 (« + «)-> ™= 2 (" + «)x' 



sin^ <T 1 + sin 9 ' 
where 

(113) X = cos^ + m(1 + sin^), ^ = cos - » (1 + sin 9) . 

If we put 

(114) u = a + i^, v = a-ip, e** = -^^-^^^ - , 

cos a fj, 

we have for the new fundamental coefHcients of the surface 

or 

(115) A = 2D' + D + D", A' = iiD- D"), A" = 2D' - D - D" . 
It follows that 

(116) I = a cos o-e'*, m = a cos (Te~'*, A = — sin o- . 

Equations (14) become 

d (f> sin ^ 
da a cos cr 
(117) 

5 <P cos (T — COS (p 



+ a tan (T (A cos^ + A' sin ^) , 

+ a tan o- (A' cos cp + A" sin ^) . 



5/3 a cos 0- 

Furthermore (39) may be replaced by 
dx _X[ dx _ X'2 

(118) 

d X 

r— = ^ [ COS a (sin cp Xi — cos <p X2) -\- sin o-Xs ] , 

aw 
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where 

(119) i- '"' "' 



Equations (118) define a system (Q) such that the surfaces w = const, are 
pseudospherical and the curves of parameter w are isogonal trajectories of 
these surfaces. These are the systems which Bianchi has discovered and, in 
fact, the equations are in the form given by him. * 

For this case the equation analogous to (103), Part I, becomes 

(120) h,,= -^{hl,+ hh), 
when the Hnear element of space is written 

(121) d^ = ^~- +2Ai3 dadw + 2hz d^dw + A33 dw^ . 

Bianchi* shows that the relation (120) characterizes systems ( Q ) for which the 
curves of parameter w are isogonal trajectories of the pseudospherical surfaces 
w = const. When Bianchi expresses the condition (120) for the system arising 
from a given system ( Q ) by means of a transformation B„^ , he finds that ^1 
must satisfy in addition to (117), in which <r is replaced by ai, the further 
equation 

d (pi a tan ci dh u tan aidh 

-^ — = — -. cos <pi^ — h — ; -^ 

dw sm a du sm a dv 

(122) 

h sincTi h cos <r sin^ <ti 

+ -: — ; -. T—. ; r COS {(pi— <p). 

sm <r — sm ax sm <r cos (Ti ( sm o- — sm <ri ) 

Because of the particular form of the functions Bianchi was enabled to factor 
the equation analogous to (104) § 10, but we have indicated a method by 
which TT can be formed, even if the factors are not apparent. 

Thus we have a particular case in which a system (Q) oi surfaces applicable 
to a central quadric is transformable into another system ( Q ) . This 
strengthens the belief stated at the end of the preceding section. Further- 
more, we are of the opinion that (104) is the sufficient as well as necessary con- 
dition that a family of continuous deforms of a central quadric forms a sys- 
tem (Q). 

It should be added here that by suitable changes in constants and variables 
it is possible to transform the results of the preceding sections so that one 
shall obtain similar theorems for surfaces applicable to any central quadric. 

* L. c, p. 20. 
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§ 16. Deformation of the Hyperboloid of Revolution and of Bertrand Curves. 

We shall close our discussion with the consideration of the continuous 
deformation of a ruled-surface applicable to an hyperboloid of revolution, 
because one derives therefrom a continuous array of applicable curves of 
Bertrand. 

Let S he a ruled surface applicable to an hyperboloid of revolution, then 
the line of striction is a Bertrand curve and corresponds to the circle of gorge 
on the hyperboloid. Referring to (1), we see that in the present case b = a 
and the line of striction is given by uv — 1 = 0. Accordingly we effect the 
change of parameters 

1 - / 

u = , V = Vi, 

Vi 

so that the curve t = on each surface S is the line of striction. 
In this case 

\ dt / v^ \ dt dvi ir v « r 

The direction-cosines of the tangent to the curve / = are 

a,^,y = ^^^^[iX2-X^), (F2-F1), (Z,-Z^)], 

where Xi, • • • , Z2 are given by (39). The direction-cosines of the principal 
normal are X3, Y3, Z3 and of the binomial 



\,,x,v= ^'™±-^[Z2 + Zi, 72+ Fi,Z2 + Zi]. 

We denote by S the locus of the Bertrand curves / = on the surfaces 
w = const, of a system ( Q ) of the kind considered. The direction-cosines of 
the normal to S are of the form 

X=r[c^^F+~^A\-a(^lEl- ^m)Xi], 

where 

r = >/( M + <Gmy a^ + c^ {a^ + (?) AK 

If w denotes the angle between the principal normal to < = and the normal 
to the surface, then 



cos 



03 = ar{ -^Gm — 4EI ) , sin co = crA Va^ -\- c^ . 
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One finds without difficulty the first and second fundamental coefficients of 
8 , and therefrom obtains 

Po E ^ 
1 FD - ED' 

{^lEl- VGm)(l + t)2)3^ 

where po and T are the radii of first curvature and geodesic torsion respectively 
of the ciirve t = and B and C are the functions defined by (41). Since the 
torsion is given by 

r~ T'^ ds,' 
we are in a position to find t . By easy reduction it is found that 

Since the element of any of the curve is given by "V^ dvi , one finds readily that 

s 
V = tan fT- . 
2a 

Hence the intrinsic equations of the curve are 

where from § 13 it follows that (p satisfies the equations 

as" kis^+ia") ' ds~ V dv ' s^ + ^a^' 

(124) 

(T being a function of s and 6 obtained by replacing u and » in (69') by cot s /2a 
and tan s / 2a respectively. 
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The surfaces w = const, of the system ( Q ) conjugate to the given system 
are likewise applicable to the same hyperboloid. Moreover to a curve of 
Bertrand of the original system corresponds a curve of Bertrand of the second 
system in such a way that the join of corresponding points is tangent to the 
two surfaces of conjugate systems; we call the second curve the conjugate 
Bertrand curve. Hence we have the theorem: 

To each function <p satisfying equations (124) there corresponds a family of 
curves of Bertrand defined by (123) such that all of these curves are continuous 
deforms of one another, the parameter of deformation being w, the direction of 
deformMtion being parallel to the principal normal of the conjugate curve at the 
corresponding point. 

Later we shall consider general deformations of Bertrand curves. 

Princeton, 

November 15, 1912. 



